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SUMMARY

This work considers the internal flow of an incompressible viscous fluid contained in a rectangular
duct subject to a rotation. A direct velocity—pressure algorithm in primitive variables with a Neumann
condition for the pressure is employed. The spatial discretization is made with finite central differences
on a staggered grid. The pressure and velocity fields are directly updated without any iteration. Numerical
simulations with several Reynolds numbers and rotation rates were performed for ducts of aspect ratios
2:1 and 8:1. Copyright © 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

This work seeks to investigate a variety of effects, through the numerical simulation of the
internal flow of an incompressible viscous fluid contained in a rotating rectangular duct.
The Navier—Stokes equations, together with the free divergence condition, constitute the
basic formulation for an incompressible flow. From a mathematical point of view, the system
that governs this kind of flow is singular with respect to the pressure. There is no evolution
equation for such quantity. Following the excellent work of Gresho and Sani [1], the pressure
is obtained by solving a Poisson equation with a Neumann boundary condition. A compatibility
condition of the source with the boundary conditions guarantees the existence of solutions.
A direct pressure—velocity algorithm with a pressure Neumann condition was successfully
considered by the authors [2] with the driven cavity flow. This primitive variables algorithm
allowed to update the pressure in one step without iteration. In this work, the effect of a
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rotating force is incorporated to the above algorithm and in such a way that the use of central
differences on a staggered grid allows to have second-order approximations [3, 4].

The internal rotating flow problem has been considered by several authors: Speziale [5, 6],
Chen et al. [7], Robertson [4], Yang [8], Govatsos and Papantonis [9], among others. Speziale
employed the divergence-vorticity formulation with finite-difference schemes due to Arakawa
for the convective terms and the DuFort-Frankel scheme for the viscous-diffusion terms.
Chen et al. employed Fourier—Chebyshev pseudo-spectral methods for solving incompressible
flows in 3D channels in rotagdo with square traversal section. Robertson, performed numerical
studies for laminar incompressible flows, in permanent regime, in curved ducts. He employed
finite differences on a staggered grid with Newton method.

This work will be focused in the structure of the secondary flow and its effects on the flow
in the axial direction of the duct. Here the axis of rotation is perpendicular to axial direction
of the duct which is assumed to be long enough to suppress effects at the end. Consequently,
the secondary flow is independent of the coordinate along the axial direction. The study was
accomplished for ducts with aspect ratios 2:1 and 8:1. Several Reynolds numbers and rotation
rates were considered. The results obtained exhibit a very good agreement with those found
in the literature.

2. THE GOVERNING EQUATIONS
The equations that govern the flow of an incompressible viscous fluid are given by the
momentum equation

Ju
ot
and the continuity equation

+uVu+VP=v Vu+F inQ, t>0 (1)

Vu=0 in Q, t>0 2)

In these equations, €2 is a spatial region limited by the contour I', v the kinematic viscosity,
u=u(t,x) and P=P(t,x) are, respectively, the velocity and the pressure of the fluid and F
is a forcing term.

The problem under consideration is a flow driven by the pressure of an incompressible
viscous fluid contained in a rectangular duct subject to a permanent rotation in a perpendicular
direction of the duct (Figure 1) [5, 10].

Here, the rotating vector, ® = ®j is in the direction of the y-axis, where w is the angular
velocity. We shall consider

F(u):%jxu 3)

where Ro= W,y/wD denotes the Rossby number for a length scale D and W, a velocity scale.
Equations (1) and (2) are subject to the following initial and boundary conditions:

u(0,x)=uy(x), xin Q=QUT 4)
u=ur(x,t) on I'=00Q (5)
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Figure 1. Flow in a rotating rectangular duct.

where ug satisfies the continuity equation
Vauy=0 in Q (6)

and ug, ur being subject to the restriction
u.n=ur(0,x).n on T (7)

From the continuity equation and the divergence theorem, the condition of global mass
follows:

/Fu.ndxzo (8)

where 7 is the unit exterior normal to the boundary I' of the region 2.

In agreement with Ladyzhenskaya [11], the specification of the pressure at the non-slip wall
of I' is not allowed. Otherwise, systems (1)—(7) would be overdetermined. It is clear from
Equations (1)—(2), that there is no explicit equation for the pressure. The velocity field, in
principle, calculated from the momentum equation must be restricted so that it satisfies the
solenoidal cinematic condition V.u=0. This means that the pressure influences twice. It not
only serves as a force for conservation in the mechanical balance law but, also, as a continuity
restriction [12].

2.1. The Poisson equation for the pressure

By applying the divergence operator in Equation (2), together with the momentum equation
(1), lead us to the pressure equation

1 .
ViP=V. <ReV2“ —u.Vu+ F(u)> in Q for t>0 9)
where Re = W,D/v denotes the Reynolds number.
Thus, the pressure is determined by solving a Poisson equation subject to appropriate bound-

ary conditions. For the problem being well-posed, the boundary conditions must be given in
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such a way that the continuity equation be satisfied near the boundary. To keep the free-
divergence condition for the velocity is an important requirement for the simulation of an
incompressible flow.

The above equation is actually employed for substituting the continuity equation. The elliptic
nature of this equation forces the need of prescribing a boundary condition for the pressure.
In a fundamental work of Gresho and Sani [1], it is concluded that a Neumann condition for
the pressure turns out to be the most appropriate. This condition is obtained by taking the
normal component of the pressure gradient isolated from the momentum equation, that is

B 1 _, Ou
n.VP=n. (ReV u- = —u.Vu+F(u)> on I' for t=0 (10)

P
==

In order that a Poisson equation (9) with a Neumann condition (10) can be solved, it is
necessary that the following compatibility condition be satisfied:

//Q VdeQ:/FPndF (11)

where P,=n.VP.

3. DISCRETIZATION FOR THE ROTATING FLOW

When the duct is assumed to be sufficiently long, there is an internal section where the
effects at the extremes can be neglected, that is, the flow is fully developed. The axial pressure
gradient

PG
0z
is considered constant, maintained by external means (P is the modified pressure, which
includes the gravitational and centrifugal force potentials). In this situation, it is observed
that in the internal region, the physical properties of the flow become independent of the
coordinate z, however, the fully developed velocity field is three-dimensional. For non-zero
rotation rates, the components u,v of the velocity v=(u,v,w) are termed the secondary flow
and the component w is referred to as the main flow.
With the above considerations, we have the continuity equation

ou Ov

" (12)

and the momentum equations

du ou Ju oP )
E+ua+v@_—g+vv u— 20w
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This model will be employed for determining the secondary flow in a transversal section
(0,D) x (0,H) perpendicular to the axis of the duct as in Figure 1. The aspect ratio is given
for y=H/D. In a non-dimensional form, we have the system

ou ou ou 0P 1 _, 1
§+ua+05_—a+R—eVu—2R—ow (13)

0v dv ov P 1 _,

ow ow ow 1 _, 1

where the non-dimensional constant

_ GD
oW
corresponds to the form of the longitudinal pressure gradient —0P/0z.

Systems (13)—(15) will be now discretized with finite differences on a staggered grid [3].
Let the transverse section of the duct be divided in N x M rectangular cells and set

x; = iAx, yi=JjAy

=(i=3)A% y_1=(-3)Ay

)

At each time ¢, we consider the staggered spatial approximation

P zP(t,xi_%,yj_%)
U i~ u(t,x;, y. |
i, (#,x; yj,j)

Ui,j %U(lax,»,%ayj)

Wi~ w(t,xl._%,y]._%)
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The first-order derivatives can be approximated by forward or central differences. The nota-
tion Dy,,Ds,,r=x,y is employed for the first-order forward difference operator and for the
second-order difference operator, respectively. For second-order derivatives, D,., D,, corre-
spond to the respective second-order central difference operators. The pressure gradient will
be approximated with a first-order forward difference operator, while the terms with velocity
by a second-order central difference operator. Thus

v[”]éi,_/:(anaDny)(pi,j, n—= 1,2
and
V%Z](pl;]’ = (Dvcx + Dyy)q)i,j

for the Laplacian, where @ is an any scalar field.
By using these spatial finite differences approximations, the momentum equation has the
semi-discrete approximation
6u,~, i
o
or, in an expanded way with (13)—(15)

1
- V[]]Pi’j — lli,j.V[z]u,',j + E sz]ui,j + F[lli,j] (16)

aui i
at’] = =D (P; ;) — ui jDr(ui ;) — V], D2y (1 )
1 1
+E(DXX(ui,j)+Dyy(ui,j))_2EW|HU (17)
8vi i
6t’] = —=D1y(Pi;) — uly, ;Da(vi ;) — vi jD2y(vi ;)
1
+R7(Dxx(vi,j) + D,y (vi;)) (18)
e
Ow:
g};] =C— ”|w,.‘,-DZX(Wi,j) - U|wi,_/D2y(Wi,j)
1 1
+R76(Dxx(wi,j) + Dy (wij)) +2 Ro ulyw,, (19)
Here
u|w,/ = ui’j +2ui,j+1
Uiy Uiy W Ui
ul”l./ - 4
_ Vij—1 + Ui+ Vi1 j—1 T+ Vi
U|UL/ - 4
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_ Ui+ Ui
Oy = =5

_ Wit Wi
W|ui./ - 2

3.1. Time discretization

There are many available methods for time discretization. In order to reduce the computational
cost, the explicit first-order Euler method will be employed. By writing (16) as

5u1-’-
6tj = — V[l]Pi,j + U,',j (20)
where
1
Ui,j = — ui’j.V[z]lli,j + R76 sz]lli,j + F[ll,"j] (21)
we have the time approximation scheme
utrt ok
A= VPl U (22)
In component form
uft = uf, + Ai(=Di(Pf )+ UL, i=1:N-1, j=1:M (23)
Ui =0, + Al(=Dy(Pf )+ V), i=1:N, j=1:M -1 (24)

Wit =wl + Ai(=D(Pf )+ WE), i=1:N, j=1:M

LJj

k=0,1,... (25)

3.2. Discretization at the boundary

In order to attain stability for the Poisson equation for the pressure, we propose the following
discretization at the boundary of the domain, which also maintain the second-order of the
discretization at all the domain, we use the Taylor theorem to approximate the gradients and
Laplacians

At node (i,1), we define

ou 3u;y — 4ur + u;
(5), 550 @)

(27)

@ - 10u,»,2 + 16141“ — 251/1,"1 — U3
0y? i,]N S5Ay?

ur is the known value at the contour.
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The gradients and Laplacians at the contours, for example, at node 0 we have

ov V2 — 41),',1 + 3UF
(&)= 28 @)

<520> o 2ur — 5v;1 + 4v;5 — 2053 (29)
i,0

0y? Ay?

The gradients and Laplacians of w approximated at direction y at face y =0 has the form

ow Ow; | — w;o — 8wr

) o 2 : 30
(ay>p 38y 0

(327W ~ 24Wr — 40Wi,1 + 20W,'52 — 4W,‘,3 (31)

0y? FN 5Ay?

ow Wi — 4wp + 3w;

- ~ 2 2 2
(ﬁy)i,l 3Ay (32)
azl ~ IOW,*,z — W3 — 25W,‘,1 + 16WI‘ (33)
0y ) 5Ay?

Similarly at opposed faces.

4. DISCRETIZATION OF THE POISSON EQUATION FOR THE PRESSURE

The discretization of the Poisson equation for the pressure of incompressible flows requires
special attention. It is required that the solution of Equation (22) satisfies the continuity
equation in the interior of the spatial region 2.

Since the pressure field to be calculated is time-dependent, the discretization of the equation
for pressure (9) is performed for an arbitrary but fixed time. This is done in conjunction with
the Neumann condition (10) at the boundary T

The pressure field is determined up to an additive constant corresponding to the level
of hydrostatic pressure. This can be removed by prescribing the integral relationship ¢ =
JJoP(x,y)dxdy, or by a grounding condition at certain point P(xo, yo)=0. This later con-
dition will be considered. Thus, for a given discrete solution P;;, although (P;; + ¢) is also
a solution for any constant ¢, the grounding condition let us to determine the pressure by
choosing ¢=0.

Equation (22) can be written as

' =uf — ArVPF 4 Arf(u¥) (34)

where f contains all viscous and convective terms as well as the rotating term F; that is
1
u)= —uVu+ —Vu+F
fw) + Vi
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Figure 2. Present work. Streamlines of a secondary flow in a 2:1 duct for #: (a) 1s; (b) 12.5s; (¢) 75s;
and (d) fully developed. Re =279, Ro=1.2 (w=0.1rad/s, G=6x 10~* Ib/ft*).

Taking divergence in Equation (34), it follows that
vVt =vauk — ArvPF 4+ AtV f(u¥) (35)

In order that, at level time (k + 1), the continuity equation be satisfied, the condition
V.u¥*! =0 must hold. Thus, from Equation (35) turns out the pressure equation

A\

2pk _ k
VP =Ar + V.f(u") (36)
The term
vk
D= At

is called dilatation and it is zero when considering the continuum formulation. Here, this term
is maintained with the purpose of eliminating non-linear instabilities [13—15].
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(@) (b)

© (d)

Figure 3. Speziale [5]. Streamlines of a secondary flow in a 2:1 duct for #: (a) 1s; (b) 12.5s; (¢) 75s;
and (d) fully developed. Re=279, Ro=12 (w=0.1rad/s, G=6x 10~*Ib/ft>).

By applying a second-order central difference approximation on a staggered grid, the Poisson
equation (36) becomes

ViyPij=ViUi; + D, (37)

where U, ; is as given in (21).
On the other hand, the continuity equation (12) discretized at the level time (k + 1) must
be satisfied exactly, that is

0=Dy "]+ Dy, okt (38)

i—1,j i,j—1

Dividing Equation (38) by Az, we have the dilatation term

Dlxufjll +Dl Uf‘H-—ll
— ,lAt YUiLj :D;H—l (39)

Substituting Equations (23)—(25) in Equation (39), it follows that at each level time &

0

DlxDlxpifl,j +D1yD1yPi,j71 =D, +D1xlji71,_/ +D1yVi,j71 (40)
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Figure 4. (a) Pressure field; (b) contours; (c¢) horizontal profile for y/D =1; and (d) vertical profile for
x/D=0.5, in a 2:1 duct. Re=279, C =0.1345, Ro=12 (w=0.1rad/s, G=6x 10~* Ib/ft>).
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Figure 5. Present work. Axial velocity profiles in a 2:1 duct: (a) horizontal; and (b) vertical, with traced
line for =0 and continuous line for w=0.1rad/s, Re=279. Here Qr/Q = 0.5429, timax/Wmax = 0.15.
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Figure 6. Speziale [5]. Axial velocity profiles in a 2:1 duct: (a) horizontal; and (b) vertical, with traced
line for @ =0 and continuous line for w=0.1rad/s, Re=279, x/D= %, y/H = %, Umax/Wmax = 0.19.

Since the involved operators satisfy D D1.Pi—1,; = DxP; j, D1yD1,P;j—1=D,,P;;, it follows
from Equation (40) that

V%Z]Pi,j =D U +DyVij-1+D,, i=1:N, j=1:M (41)
This is the discretized Poisson equation at level time £.

In order to have a good convergence of the approximate solution of (37), compatibility
condition (11) should be satisfied exactly in the discrete form, that is [16, 17]

b

OP
> VPP= %

i,jEQ i,jer on
In fact, by considering Ax= Ay =1 in Equation (41), we have

NM
> Pij 1 +Pi1j—4P;;+ P+ Pij

ij=1

NM NM
=W Y Di+h Y U= U+ Vij= Vi (42)

ij=1 ij=1

It turns out that

N M
> Pio—Piy+Piysr — Pisy + > Poj—Pij+Pyiij— Py
i=1 =1

N M
—h> Vit = Vio+ 3 Unj — Us (43)
i=1 Jj=1
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Figure 7. Present work. Streamlines of the secondary flow during instability periods for #: (a)
10s; (b) 40s; (c) 45s; (d) 47s; (e) 50s; (f) 55s; (g) 60s; and (h) fully developed in a 2:1 duct.
Re =220, Ro=0.48 (w=0.2rad/s, G=6 x 10~* Ib/ft).

From the above equation, the discrete Neumann conditions should satisfy the four following
relationships:

P()’jzpl’j—hU()’j, jzl,,M (44)

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 50:1-26
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Figure 8. Speziale [5]. Streamlines of the fully developed secondary flow in a 2:1 duct. Re=220,
Ro=048 (w=02rad/s, G=6x 10~* Ib/ft*).

1 e £ ¥ X e e -
bl _ I 18 e
08} \ e L 18 i
07! 14 |
0.6 ™ {12
05| f . 1
0.4} | 08
0.3 Ji oad . 08 |
02| _ _____)/-’: ' L 04 :
0.1} | 02 ] -,
“5T  nH i 15 2 28 BT am 4 T 2 25
(a) (b)

Figure 9. Present work. Fully developed axial velocity profiles in a 2:1 duct: (a)
horizontal; and (b) vertical, with traced line for w=0 and continuous line for
®=0.2rad/s, Re=220. Here Q;/O=0.4483, timax/Wmax =0.1315.

PN—],j:PN,j+hUN,j: jzl,,M (45)
Pio=Pi1—hVio, i=1,...,N (46)
Pi,M+1:Pi,M*hI/i,Ma l:1:5N (47)

Let us observe that these conditions are a discrete version of Equation (10).

5. A PRESSURE-VELOCITY ALGORITHM
We shall follow an algorithm introduced by Claeyssen et al. [2]. At each time level, the
pressure is updated in one step and then the velocity field is calculated. The pressure is

initialized by solving a singular system that appears from the discretization of the Poisson

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 50:1-26
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Figure 10. Speziale [5]. Axial velocity profiles in a 2:1 duct: (a) horizontal; and
(b) vertical, with traced line for =0 and continuous line for w=0.2 rad/s, x/D=

%’ y/H: %a Re =220, umax/Wmax =0.13.
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Figure 11. Present work. Secondary flow in an 8:1 duct. (al) for t=10s without normalization
and normalized for #: (a) 10s; (b) 500s; (c) 1600s; and (d) fully developed. Re =248, Ro=21.3
(w=0.005rad/s, G=2x 10~*1b/ft*).

equation with a Neumann condition. When solving the Poisson equation, a special treatment
is given to the interior points that correspond to the interior cells and to the adjacent cells, in
such a way that the compatibility condition is verified. This actualization contains correction
terms for a direct computing of the pressure at the interior points of the interior cells. This
is done by incorporating the values of the pressure already calculated in neighbouring points.
This procedure is described as follows.

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 50:1-26
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Figure 12. Present work. Streamlines for the secondary flow in an 8:1 duct for #: (a) 10s; (b) 500s;
(c) 16005s; and (d) fully developed. Re =248, Ro =213 (w=0.005rad/s, G=2x 10~ *Ib/ft).

Let u=u,;, and P=P;;. The pressure is initialized by solving the equation
1
Vi P =D, + V. <_“k-V[z]uk T e V[ZZ]Uk> (48)

with a SOR method for £ =0 [2].

For a direct update of the variables Equation (34) is used.

Let us assume that all discrete variable are known at the time k. We consider v* as the
velocity that would appear as the solution of Equation (34) with an absent pressure gradient
by knowing the field u*, that is

v —uf - k v k 1 v2 k F k 49
An = —u.Vpu +E [2]u+ [u"] (49)
Thus
1
v =u + Ay <—u".V[2]u" + 2= Vhu' + F[u"]) (50)

The variable v* is known as pseudo-velocity [18], and does not necessarily satisfy the
continuity equation. The Helmotz theorem [19, 20] allows to write a finite vector field as the
sum of a gradient of a scalar field with a solenoidal vector field, that is, with null divergence.
This suggests to write v* as the sum of a scalar multiple of the pressure gradient at time

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 50:1-26
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Figure 13. Speziale [6]. Streamlines for the secondary flow in an 8:1 duct for #: (a) 10s; (b) 500s;
(c) 16005s; and (d) fully developed. Re =248, Ro=21.3 (v =0.005rad/s, G=2x10"* Ib/ft.)

(k+ 1) and a solenoidal vector field 4, that is
v =rVP"*' + 4 such that V. 4=0 (51)

Now, defining the velocity at time (k + 1) as ™' =4, and the step of time as At=r,
it follows that

vt =v* — Arv P! (52)

By substituting (50) in (52), we have the discrete version of (16) with At = At

ut — gk

: . 1
A7 = — V[l]PI‘-H — llk.V[z]llk + Re V[ZZ]llk + F[llk] (53)

Thus, u¥*! is a discrete solution of Equation (16) and satisfies the continuity equation.
Now, by taking divergence in (52), it follows that

\VA'4

2 pk+l __
Vol =5

(54)
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Figure 14. Present work. Axial velocity profiles in an 8:1 duct: (a) horizontal; and (b)
vertical. Traced lines for @ =0 and continuous lines for @ =0.005rad/s, Re=248.
Here Qr/Q=0.9290, #max/Wmax = 0.0287.
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Figure 15. Speziale [6]. Axial velocity profiles in an 8:1 duct: (a) horizontal; and (b) vertical. Traced
lines for w =0 and continuous lines for o = 0.005 rad/s, Re=248. O;/0=0.924, x/D = %, y/H=12.
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Figure 16. Present work. (a) Pressure field; (b) contours; (c) horizontal profile for y/D=4; and (d)
vertical profile for x/D=0.5, in an 8:1 duct. Re =248, C =0.0569, Ro=21.3.

(=1

.

[E=3

r

With the substitution of (50) in (54), we arrive to the following discrete equation for the
pressure at the level time (k + 1)

V.vk 1
V%Z]P]ﬁq = E + V[1]. (—uk.V[z]uk + EV%Z]uk + F[llk]>
=V.U* + DF (55)
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Figure 17. Present work. Streamlines for the secondary flow in an 8:1 duct for #: (a) 1s; (b) 25s;
(c) 50s; and (d) fully developed. Re=171, Ro=0.3674 (0=02rad/s, G=2x 10~ *1b/ft).

The fictitious values that appear in the discretization of the Neumann condition (44)—(47),
are calculated through the following equations:

P =Py, —hUs;, j=1,....M (56)
PR =Py +hUS, j=1,....M (57)
P =P —hV,, i=1,...,N (58)
Pit =Phy —hVly, i=1,... N (59)

For the interior points, the pressure field is updated by solving Equation (55) with the
incorporation of values already determined, that is, we consider the one step scheme for
computing the pressure field

P =5 (P 4+ P 4+ P+ P+ VU + 12D (60)
where Ax=Ay=nh.
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5.1. The pressure—velocity algorithm

With the above discussion, an algorithm for integrating the Navier—Stokes equations for
a rotating flow with a prescribed Neumann condition for the pressure can be formulated
as follows:

1. Introduction of the initial velocity, corresponding to the initial time level k=0, the
boundary conditions and involved physical parameters;

Initialization of the pressure through Equation (48);

Calculation of the pseudo-velocity field v* by using (50);

One step up-dating of the pressure field by using (56)—(60);

Up-date of the velocity field u**! through (52);

To do steps (3)—(5) for k=1,2,..;

End the calculations.

Nownkwbd

6. NUMERICAL SIMULATION RESULTS

In this section, the results of the simulations performed for obtaining the secondary flow by
several rotation rates of the duct about a perpendicular axis to it are presented.

As a physical admissible situation, the fully developed flow without rotation was consid-
ered and, consequently, as a 1D flow, with velocity field u=w,(x, y)k + 0i + 0j, where the
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Figure 20. Speziale [6]. Axial velocity profiles in an 8:1 duct: (a) horizontal; and (b) vertical. Traced
lines for =0 and continuous lines for w=0.2rad/s, Re=171. 0;/0=0.636, x/D=1%, y/H=12.

component wy is determined by solving the Poisson equation
—Aw;=ReC (61)
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subject to a non-slip boundary condition w=0 on I'. Thus, w; corresponds to a classical
quasi-parabolic profile.

Then, in an instant that can be defined as +=0, an impulsive angular velocity w was
applied. This allows to consider the initial velocity field conditions

u(0)=0v(0)=0 and w(0)=w,

At the walls of the duct, the conditions were prescribed

For the non-dimensional scaling, the mean velocity of the principal fully developed flow W,
was employed as velocity scale. The angular velocity @ and the longitudinal pressure gradient
—G turn out control parameters for a fixed viscosity v=1.1 x 10~5 ft*/s, corresponding to
water at an environment mean temperature, and the specific mass p=1.936 slugs/ft3. The
problem was considered of small scale, because the characteristic length of a duct was the
width of the traverse section D =1.921in. The characteristic velocity was chosen as the mean
value of the main flow fully developed, consequently, the Reynolds number and the Rossby
number were calculated only after the simulation.

A comparison of results was done with the ones obtained by Speziale [5, 6] who employed
the vorticity-divergence formulation in contrast with the primitive variables formulation em-
ployed in this work.

The simulations were performed for ducts with an aspect ratio 2:1 and ducts with an aspect
ratio of 8:1. In the first case, a uniform grid of 32 x 64 points where Ax= Ay =0.005 ft was
considered. For the duct of ratio 8:1 a grid of 16 x 128 points, where Ax=Ay=0.01 ft was
considered. The stability criteria was the usual one, that is, by a superposition of the Courant
and Neumann conditions [6]. More specifically, A¢ should satisfy the condition

2 1 1 Umax Umax -
< | (- 4L __
At< [Re (sz 4 Ay2> e Ay} 62)

where um.x and v, are the maximum values of the transversal velocity components.

In what follows, results are exhibited for a transversal section with aspect ratio 2:1.

Figure 2 corresponds to the secondary flow, obtained in this work, for Re=279, non-
dimensional longitudinal pressure gradient constant C =0.1345 (G =6 x 10~ Ib/ft’) and
Rossby number Ro=1.2 (which corresponds to an angular velocity w=0.1 rad/s). Here,
we observe that, in addition to the main vortices, two secondary vortices appear in the mean
section of the duct. This phenomena is similar to the one that occurs with curved ducts with
rectangular section [7]. In order to effects of comparison, in Figure 3 the correspondents results
of Speziale [5] are presented.

In the work of Speziale, the pressure was not calculated within the vorticity-divergence
formulation. In this work, the primitive variables formulation is employed and some results
for the pressure are obtained. This is illustrated in Figure 4, where the pressure field, the
contour lines and the profiles of the central lines of the transverse section are presented.
Considering the pressure field, it is observed that in the side more near to the axis of rotation,
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called the side of the pressure, the pressure is higher if compared to the opposite side (the
suction side).

Figure 5 (present work) and Figure 6 (results of Speziale [5]) present a comparison of
the longitudinal velocity profiles, at the horizontal and vertical lines, placed in the centre of
the transverse section. The trace lines correspond to the initial longitudinal velocity profiles
(without rotation effect, = 0). The continuous lines are the fully developed velocity profiles
due to the effect of rotation (w=0.1rad/s). It is observed, also, that there is an asymmetry
of the longitudinal fully developed velocity profiles in relation to the initial profile, existing
a deviation of the maximum of the profile in the direction to the side of higher pressure.

It is clear that a rotation generates a loss of the flowrate in the longitudinal direction in
relation to the ratio of the flowrate that is able to carry the primary flow in the absence
of rotation. This ratio is defined by Q;/Q, where QO is the end flowrate and Q is the ini-
tial flowrate. In this work O;/0=0.5429 and the ratio of the maximum values among the
horizontal and the longitudinal components of the velocity field is given by #yax/Wmax = 0.15.

For a greater angular velocity such as w=0.2 rad/s, that is Ro=0.48, Re=220 and
C =0.2296, the secondary flow, before reaching the state of fully developed, has periods
of instability as it can be observed in Figure 7.

In Figure 7, we observe that the secondary vortices at the centre section are moved to the
inferior and superior ends. However, in the period of time t =40s until t=60s (Figures 7 (b)
—(g)), it can be observed that four vortices at the centre appear, two of which are moved to
the ends, and the other two are dissipated at the same centre, when it was reaching the fully
developed flow (Figure 7(h)). Approximately at t=500s, the flow is able to stabilize in two
counter-rotating vortices. The results obtained in this work (Figure 7(h)) can be compared
with the ones obtained by Speziale [5] (Figure 8).

Figure 9 (present work) and Figure 10 (results of Speziale [5]) illustrate comparisons of
the longitudinal velocity profiles of the fully developed flow.

Now we consider a transverse section with aspect ratio 8:1. Figures 11 and 12, exhibit the
secondary flow, obtained in this work, for Ro=21.3,  =0.005rad/s. It can be observed that,
in the centre of the left side and for time =10, there is a small disorder, consequence of the
rotation. Although, they have a neglecting presence, as one can see, the streamlines do not
capture this fact. In Figure 11(al), the velocity field without normalization is presented for
t=10. Here we cannot observe the phenomena exhibit in Figure 11(a), that is, the velocity
field, in this portion of the transversal section, is smaller than the fields that appear in the
inferior and superior faces. It can be said that the normalized velocity field exhibits more
information of what happens in the other portions of the solution domain. This is one of the
advantages of working in primitive variables.

In Figure 12 it is observed too that the secondary flow initially assumes a double vortex
configuration where each vortex, whose size is the order of the width of the channel, is
slightly compressed against the horizontal wall of the channel to which it is adjacent. Then,
the stretched double vortex secondary flow becomes unstable so that it becomes a double
vortex secondary flow combined with roll-cells in the interior of the channel. In Figure 13
the correspondents results of Speziale [6] are presented.

The present algorithm allows to determine quicker the secondary flow. For instance, a
similar structure to the one obtained by Speziale [6] in 1600s, is obtained by the present
algorithm in 750s. The fully developed flow is qualitatively the same as the one obtained by
Speziale.
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Figure 14 (present work) and Figure 15 (results of Speziale [6]), exhibit a comparison
of the longitudinal velocity profiles. The initial one, without rotation (w=0) with a traced
line, and the fully developed (w=0.005rad/s) with a continuous line, for the flowrate that
decreases in approximately 7.6%. For the same parameters, results, obtained in this work, for
the pressure in a state fully developed are given in Figure 16.

For a greater angular velocity such as w=0.2 rad/s, that is, Ro=0.3674, Re=171 and
C=0.1196 (G=2x10"* 1b/f‘[3 ), the secondary flow restabilizes to a stretched double vortex
configuration, as it can be observed in Figure 17(d) (present work) and in Figure 18(d)
(results of Speziale [6]). The corresponding velocity profiles are shown in Figure 19 (present
work) and in Figure 20 (results of Speziale [6]). For this faster rotating channel, there is a
reduction in the flowrate of approximately 37%.

We should mention that all the results showed here, for ducts with aspect ratio 2:1 and
8:1, are in good agreement with those obtained by Speziale [5, 6].

7. CONCLUSIONS

A numerical study of the internal flow of an incompressible viscous fluid in a rectangular
duct subject to a rotation force has been developed. Finite differences in primitive variables
in a staggered grid with a Neumann condition [1] for the pressure were employed.

Numerical simulations were made for ducts with aspect ratios 2:1 and 8:1, for a wide variety
of Reynolds numbers and rotation rates, by using a direct velocity—pressure algorithm [2]. This
algorithm solves without any iteration the Poisson equation for the pressure. This equation is
time dependent due to the incorporation of the velocity field through the Neumann condition
for the pressure.

The results obtained for a duct of aspect ratio 2:1, show the breakdown of the double-
vortex secondary flow as well as their effects in the axial flow. For Re=279 and rotation
rate w=0.1rad/s (Ro=1.2) it is observed that the secondary flow starts with a double-vortex
configuration and then breaks down in a configuration of four counter-rotating vortices that are
non-symmetric with respect to the central vertical line of the duct (Figure 2(d)). The resultant
secondary flow is very similar to those obtained by Chen et al. [7] for curved rectangular
dutos. When the angular speed of the duct is increased for w=0.2 rad/s (Re=220 and
Ro=0.48) it is observed that the subsidiary counter-rotating vortices pair that were on the side
of the high pressure of the duct (Figure 2(d)) disappear and the secondary flow restabilizes
to a slightly asymmetric double-vortex configuration as shown in Figure 7(h).

For a duto 8:1 with Re =248 and w =0.005rad/s (Ro=21.3), it is observed that the double
secondary vortex initially obtained (Figure 12(a)) is replaced with the double vortex secondary
flow combined with roll-cells in the interior of the channel (Figure 12(d)). When the angular
velocity of the duct is increased to w=0.2rad/s (Ro=0.3674 and Re=171), the secondary
flow restabilizes to the stretched double vortex configuration (Figure 17(d)).

The simulations for the ducts of aspect ratio 2:1 and 8:1 were compared with the existent
solutions [5, 6], showing a very good agreement.

The numerical scheme developed in this work for a rotating flow could be employed in
connection with non-Newtonian fluids and mixed convection problems. They are matter of a
future work of the authors.
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